IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Perturbation theory in the radial quantization approach and the expectation values of

exponential fields in the sine-Gordon model

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2000 J. Phys. A: Math. Gen. 33 3335
(http://iopscience.iop.org/0305-4470/33/16/320)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.118
The article was downloaded on 02/06/2010 at 08:06

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/33/16
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 33 (2000) 3335-3346. Printed in the UK PII: S0305-4470(00)08896-X

Perturbation theory in the radial quantization approach and
the expectation values of exponential fields in the sine-Gordon
model

V V Mkhitaryant, R H Poghossiani§ and T A Sedrakyant

T Yerevan Physics Institute, Alikhanian Brothers St. 2, Yerevan 375036, Armenia
I Physikalisches Institut der Universitit Bonn, NuBallee 12, D-53115 Bonn, Germany

Received 29 October 1999

Abstract. We have developed a perturbation theory, based on the radial quantization of the
massive Thirring model (MTM). It is remarkable that the apparent difficulty in radial quantization
of massive theories, namely, the explicit ‘time’ dependence of the Hamiltonian, may be successfully
overcome. In this framework, in first order of the coupling constant of MTM, we calculate the
vacuum-—vacuum amplitude with arbitrary twisted boundary conditions imposed on the Fermi fields.
In terms of sine-Gordon theory these amplitudes are nothing other than the expectation values
of exponential fields (expia@(0)). The result we have obtained coincides with the analogous
calculations recently carried out in a dual, angular quantization approach by one of the authors and
completely agrees with the exact formula conjectured by Lukyanov and Zamolodchikov.

1. Introduction

The main subject of investigation in this paper is the sine—Gordon model, which is one of the
most studied examples of two-dimensional (2D) integrable quantum field theory (IQFT). Its
action is given by

167

where ¢ is a real Bose field. The spectrum of the model includes the soliton, anti soliton and
some of their bound states, named breathers. The number of breathers depends on the coupling
constant 8. The S-matrix, describing scattering of these particles is known exactly [1]. Due
to the famous work by Coleman [2] the sine—Gordon model is equivalent to a fermionic model
with a four-fermion interaction, namely, to the massive Thirring model (MTM), which has the
following action:

Swrw = / & [Ty 00 — MTY — g (r'v) @) (12)

1
Ss¢ = /dzx {—8,,g08”(p+2,ucosf3<p} (1.1)

where ¥ and 1 are two-component Dirac spinors. The fundamental (anti-)fermions of the
MTM should be identified with the (anti-)solitons of the sine-Gordon model. The parameters
and currents of MTM and sine—Gordon theories are related as [2]

g 1 — B
LA — J'=Uy Yy = ——€"0,0. 1.3
x - 2p vy 27 € Oug (1.3)
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More recently Zamolodchikov obtained an exact relation between the soliton mass M and
the parameter w in the action (1.1) [3]

r(8?) [MﬁF(%(l +s>)}“‘32

PTar(-p) | e o
where
ﬁZ

In this paper we consider the vacuum expectation values (VEV) of exponential fields in
the sine—~Gordon model

G = (expiag(0)) (1.6)
where the exponential fields are normalized by the condition
(elar@eTiav) s |x — y| 74 as |x—y|—0 (1.7)

which emphasizes that the ultraviolet limit of this theory is governed by the ¢ = 1 free-boson
conformal field theory.

For two special values of the sine—-Gordon coupling constant, namely, for § — 0
(the semiclassical limit) and B2 = % (the free-fermion case), this function admits a direct
calculation. The authors of [4] have used these special cases to guess the following expression
for the expectation values (1.6) for generic 82 < 1 and |Re(a)| < 1/(28)

. (mr<§<1+s>>r (%(2—@))2“2

NG

x ex / Ta sinh® (2ap1) —2a% (1.8)
P1Jo 7 | 2sinn(B2r) sinhr cosh (1 — £2) 1) ' '

In order to support the formula (1.8), some extra arguments, based on the reflection
relations with Liouville reflection amplitude [5] have been presented in the subsequent papers
[6,7], but a rigorous proof is lacking up to now. The article [8] provides more evidence
supporting the Lukyanov—Zamolodchikov formula (1.8), where using perturbation theory in
the angular quantization approach [9], formula (1.8) has been checked in first order of the
MTM coupling constant g.

Here we apply radial quantization to the same problem. The Hamiltonian of massive
theories in the radial quantization approach has an explicit time dependence [10]. It appeared
that this apparent difficulty can be successfully overcome. Note, that to carry out the same
calculation using the ordinary Feynman diagram technique, one should sum up an infinite
number of two-loop diagrams. We hope, that such calculations should substantially increase
the confidence in the reflection relations method as a whole, which appears to be a very powerful
tool for the investigation of 2D conformal field theory (CFT) and IQFT [11, 12].

This paper is organized as follows. In section 2 we present the radial quantization of MTM.
In section 3 we calculate the VEV (1.6) at the free-fermion point g = 0. The calculation of
VEV in the first order of perturbation theory is presented in section 4. Here special attention
has been paid to the regularization procedure of the product of local fields at the coinciding
points, which has some new features in comparison with the ordinary quantization in Cartesian
coordinates. It appears that the Hankel transform is a useful tool to carry out the calculations
of section 4. The relevant mathematical details are presented in an appendix.
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2. Radial quantization of the massive Thirring model

In two-dimensional space Dirac matrices y° and y' have the following convenient
representation:

. 0 —i L {01 on
= 0y = = —101 = —1 . .
v=o i 0 v ! 10

We denote the components of Dirac spinors as

(7 _
wz( ) v =yTy’. 22
Yr
In this notation the action (1.7) in Euclidean space takes the form
AMTM=:/lﬂz[w;awk+¢{5wL—-5waw{wk—-wzwz)+gw£wL¢£wR] 2.3)

where 7 = x?+ix!,7 = x> —ix! are the complex coordinates on the Euclidean plane, d = 9/9z,

3 = 9/07 and d?z = 2dx! dx? is the volume element.

As we are intending to evaluate the VEV of the field {¢!¢(?), which obviously is invariant
with respect to the rotations around the centre of coordinates, it is convenient to use the
conformal polar coordinates 1, 6 defined by

7 = e 7=e", (2.4)

In what follows, we will interpret n and 6 as Euclidean time and space, respectively.
Since the conformal weights of the Fermi fields v, and v are (%, 0) and (O, %),
respectively, their transformations under the conformal map (2.4) are given by

9E\ /2 9E\ /2
Y (2,2) — (8%) YL (n,0) Yr(2,2) — (a—i) Yr (1, 60) (2.5)

where £ = n +i6, £ = n — if. The same transformation laws hold for the fields 1/f£ R
In new coordinates (7, 8) the action (2.3) can be rewritten as

2 [e%e)
AWM=A w/ dn [iv] (39 — i8,) Ve — iy (3 +18,)Vr
—iMe" (Y Yk — Vi) + 28V YL ke (2.6)

Treating the radial coordinate n as a Euclidean time, one immediately obtains the
Hamiltonian

2 .
H=A<Mﬁmm—ﬁmw—mwﬁw—ﬁmhkﬁmww} 2.7

The usual canonical quantization scheme ensures the following standard equal-time
anticommutation relations:

{ve@. v, (0))=38(6-0) Y@, v ()} =3(0-6). 28

As usual, in order to develop perturbation theory one first has to solve the problem with
a quadratic Hamiltonian, ignoring the last quartic term in (2.7). Due to the explicit time
dependence of the Hamiltonian it is easier to handle the problem in the Schrédinger picture
rather than in the more conventional QFT Heisenberg picture. Thus our field operators ¥, g do
not depend on the ‘time’ n and, instead, the state vectors evolve according to the Schrodinger
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equation. Let us define the creation, annihilation operators cZ, dk' , Ck, dy through the Fourier
mode decompositions

1

9) = cre— k0 4 gt eiko
V(0) o ke/\;/z( & 1e')
1 . )
(9) - . elk9 +di eflké
v V2r ke/\; /2( ' ‘ ) 2.9
§ 1 —iko | ke .
Vi (0) = i Z (de ™ + c)e?)
keN—1/2

+ 1 . .
1 T L —iko
Yr0) = Z (d_ke‘ke +cle )
V27T kN2
where all sums are taken over all positive half-integers (N is the set of positive integers).
As a consequence of equations (2.8) and (2.9), one can easily obtain the following
anticommutation relations for the operators ¢y, di, ¢;, d;:

{ee, ey = {cf, of ) = tdi, diy = {df 4]} =0 .10
{Ck,ClT}Z(Sk,] {dk,d;-}zak’l k,lEZ—% '

where Z is the set of integers. As usual, the Fock space (let us denote it by 7{) has the following
basis vectors:

(c1)"™ (@)™ 10) 2.11)
keZ—1/2

where n; € {0,1} (7 € {0, 1}) are the occupation numbers of ‘particles’ created by the
operators ¢, (dkT ) out of the bare vacuum |0), which by definition satisfies the conditions

cl0) = di|0) =0 kez-1 (2.12)

Let us decompose the Hamiltonian (2.7) into the sum of a quadratic part Hy and an
interaction term H;,,. In terms of the creation, annihilation operators the quadratic part Hy
can be rewritten as

Ho= ) [k(eier = drd{ + L yey —dyd’y)
keN—-1/2

—iMe"(cjd", — d_yex +dye_i — ¢! df)]. (2.13)
The evolution of an arbitrary state |s) along Euclidean time 1 caused by the Hamiltonian
H, is given by the Schrédinger equation

0
—r—I|s,r) = Hyls, r). (2.14)
ar

Here and henceforth we prefer to use r = Me" rather than 1. To find the general
solution to the Schrodinger equation (2.14) let us denote the Hamiltonian Hj in the factorized
form

Hy= > (#"+H?) (2.15)
keN—1/2
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where the operator Hk(') (Hk(z)) includes only ¢y, d_, cZ, dik (dy, c_y, dk cik). This makes it
convenient to represent the Fock space H as an infinite tensor product

H = Qren—12(H" @ HY) (2.16)
where H,(Cl) and H,(Cz) are four-dimensional vector spaces with base vectors
|0,(<1)) c,ﬁdik|0,((1)) (even sector)
(2.17)
ci108") d" 10"y (odd sector)
and
|0,({2)) dZ cik|0,(€2)) (even sector)
) (2.18)
102 ¢ 102) (odd sector)
respectively. The vectors |0,({1)) and |0,({2)) are defined by the conditions
cel0;”) = d_¢0;") =0
o s (2.19)
A0y = ¢ 10) =0
where k € N — % Note that the bare vacuum |0), introduced earlier (see (2.12)) can be
represented as
10) = Bxex-12 [ 10") @ 10)]- (2.20)

The operator Hk(l) (Hk(z) ) non-trivially acts only on the factor H](cl) (H,(Cz) ) of the full Fock
space H (2.16), hence we have reduced the initial QFT problem of infinitely many degrees
of freedom to the simple quantum mechanical one, with four-dimensional Hilbert space. A
further simplification provides the observation that the reduced Hamiltonians Hk(l), H,fz) do
not mix even and odd sectors (see (2.17) and (2.18)). The resulting Schrédinger equations in
this reduced spaces take the form

a
e [ak(r) + ﬂk(r)ckd_k] lo") = BV [ak(r) + ﬂk(r)ckd_k] o)

= [—kak (r) +irBe(r) + (kB (r) — iroy (r))c,ﬁdjk] 0" (2.21)

and

—raa—r [yk(r)cz +5k(r)djk] o) = 5V [yk(r)c,i + 8 (r)d” ] o) = (2.22)

Evidently, to obtain the equations for another sector with the Hamiltonian H,fz), one
simply has to change the upper indices (1) into (2) and make the substitutions ¢y — di and
d_j — c_. Thus, in both cases the unknown functions «(r), Br(r), yx(r), 8;(r) obey the
differential equations

a k .
(8_ - —> ar(r) = —ipi(r)
ror

(8i + '5) Bi(r) = iay(r) (2:23)
r r

a ad
5, () = 28k (r) = 0.
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Therefore, y; and §; do not depend on r, while o and B; can be expressed via modified
Bessel functions I, K, as follows:

ak(r) = r'? (axIi—12(r) + by Ki—12(r))
B(r) = ir'/? (ar Ty 2(r) — by Ky 2(r)).

One should fix the constants ay, by, ¥, and §; by imposing initial conditions at the arbitrary
‘time’ ry. For further application let us write down explicit expressions with specified constants
for two basic cases.

(2.24)

(a) When the initial state coincides with |O]({” ) or |0,({2)):

ai(r) = 7o (K2 (r0) Ii—1/2(r) + Ieer 2 (ro) Ki—12(r))

(2.25)
Bi(r) =1i/rro (Kk+l/2 (r0) Tks1/2(r) — g1 2 (ro) Kk+1/2("))~

(b) When the initial state coincides with ic.”d|0{") or id(” ¢ |0
ap(r) = /rro (Ki—1/2 (ro) Iim12(r) — Ix—12 (ro) Ki—1/2(r)) 2.26)

Bx(r) = i/rro (Ki—1/2 (ro) Tks1 j2(r) + Ik—1)2 (ro) Ky 2(r)).

To prove the formulae (2.25) and (2.26) we have used the following Wronskian identity for
the modified Bessel functions [13]:

1
L1 p(r) K1 2(r) + D1 o (r) K1 2(r) = - (2.27)

It is interesting to note that due to the explicit time dependence of the Hamiltonian, the
system which is initially in the ground state of that particular moment will after finite evolution
time find itself in an excited state. Nevertheless, long time evolution of any state with non-
vanishing overlap with the ground state of the initial time, eventually approaches to the ground
state of the infinite future

ooy =[] [3(1+icdl,)(1+idc’,)]i0). (2.28)
keN—1/2

Evidently, at small r (far past), the ground state approaches to the bare vacuum |0). In
particular, if > 1 and ry < 1 equation (2.25) gives

a(r)—)(z)k e F(k+l)
¢ n) Jax 2

(2.29)
koo
Bi(r) — (3> = (k+1)
3 .
ro/) +4m 2
3. The VEVs of the exponential fields in the free-fermion case
As is shown in [4], The VEV (1.6)
. D el??e—Ssc(¢)
G, = (em(ﬂ((_‘))) — ML (3.1

f’D(p e—Ssc ()
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where Sgg is the action (1.1), can be expressed alternatively in terms of the appropriately
regularized (see below) Euclidean functional integral over the Dirac fermions

[, [Py Do
I, [0y D] e

where Ay is the Euclidean action (2.6). The functional integral in the numerator of (3.2)
is taken over the space F, of those twisted field configurations ¥ (z, Z) and ¥ (z, ), which
transform as

G(a) (3.2)

¥ (z2,7) — Py (2,7) ¥ (z,2) = e Py (2,7) (3.3)

when continued analytically around the point z = 0 in an anticlockwise direction [4]. The
reason for this is the non-trivial monodromy of Dirac fields with respect to the exponential
fields expiag(0). It is easy to see that to impose such twisted boundary conditions on Dirac
fields, one has to shift Fourier mode indices as follows:

a ..
k— k — ,E in sector 1 (i.e. in ¢, dj sector)

a (3.4
k— k+ .E in sector 2 (i.e. in d, ¢; sector).

For example, the Fourier decomposition of the field v, (9) takes the form (cf with the first line
of (2.9))

1 o o
Yr(0) = E Z (Ck—ae ik )9+d;_ael(k )0) (3.5)
keN—1/2
where
a
o= —. 3.6)
B

With such shifts, all the results of the previous sector remain valid since we have never used
the arithmetical properties of the Fourier mode indices.

In the radial Hamiltonian formalism the regularized version of the functional integral (3.2)
may be represented as

Ga.ro) = lim ‘!5 r0) 10 (.7)
r—co (00| §(r, ro) |0)

where the matrix element of the evolution operator S(r, o) in the numerator is taken in the
twisted sector (this is indicated by the lower index a). To regularize the expression, in (3.7)
we have assumed that the evolution begins at some small ry. A simple conformal field theory
considerationt, which takes into account the fact that the conformal dimension of the field ei¢®
is a2, leads to

Go(a) = lim (ro) 2@ Go(a, ro). (3.8)

In the general case it is not known how to calculate the functional integral (3.2) or the matrix
elements in (3.7) exactly. Below (3.7) is evaluated at the free-fermion point g = 0. As in
this case we already know the time evolution of every constituent of the vacuum |0) (see

T In the limit » — O the action (2.6) describes the massless Thirring model, which is well known to be conformal
invariant.
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equation (2.20)) from the previous section, it is not difficult to pick up all the necessary factors
from (2.29) with appropriate shifts of Fourier mode indices and obtain

2 k+a e 2 l—a e’
Goa,ro) = lim [] (—) Fk+a+y) ] (-) F(l—a+l)
"0 ren 12 \TO Van leN=172 \T0 van

2 )k e’ 2\ e -
x = I (k+1) (—) r(l+3) (3.9
[ke/\lf_—[uz (ro Van le/\lf_—ll/z "o/ ~ar
where we have endowed G with the subscript O in order to emphasize that the free-fermion
case g = 0 is considered. We will be careful, when evaluating infinite products in (3.9) and

treat the ill-defined sums like Y ;°,(i & a) by means of Riemann ¢-function regularization.
Let us remind the reader that

> 1

{(zoa)y=Y_ R (3.10)

i=0

and
c(-l,a)+¢(—1,—a) —2¢ (—1,0) = —a°. (3.11)

To calculate the remaining infinite products of I"-functions (also divergent, if treated literally),
it is convenient to use the integral representation

InT(v) =/oo [e_w—_e_m}— l)e_’] dr (3.12)
0 1—e! t

As a result we obtain simple geometric progressions coming from the first term of
equation (3.12) and contributions coming from the second term, which can be easily handled
by applying ¢-function regularization once more. The final expression has the form

o? % | sinh?(at dt
Gola, ry) = (%0) exp/ [sm—(“) - aze_z’i| had (3.13)
0

sinh? ¢ t

or, taking into account equations (3.8) and (3.6) with the free-fermion point value g = 1/ V2,
2
M\* > | sinh?(+/2at dr
Go(a) = (-) exp f M g2 | (3.14)
2 0 sinh” ¢ t

This is in full agreement with the result, obtained by Lukyanov and Zamolodchikov in
[4], using an angular quantization technique.

4. VEV of the exponential field in the first order of perturbation theory

In this section we calculate the VEV (1.6) in first order of the MTM’s coupling constant g.
The perturbation is given by the last term of the Hamiltonian (2.7):

2
Hip =2g/ N (W W, Whwy)do .1
0

where we have denoted by N(---) an appropriately regularized product of local fields at a
coinciding point. One has to chose such a regularization, which will not break the translational
invariance of the theory when transformed back to the initial Euclidean coordinates x 1 %2, The
conventional normal ordering with respect to creation—annihilation operators fails to satisfy
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this condition because of the non-trivial time dependence of the physical vacuum. Instead, a
correctly regularized product one obtains suppressing all the contractions among fields inside
the normal ordering symbol N (- - -)

N(WIVLvgwR) = Vive vV — (Wive) wave — (Wavr)Wive + (Wive) Vave
HY LYWL WR + (WL VL) (Wi vr)y — (WL V) (VR¥L),
= Y YL UR W UR )y VRV H kYL )y Y VR
R 2 N R 5 e O R N s R 4 R N R AT
Hevwe ol vrve 4.2)

where the symbol : : denotes the ordinary normal ordering with respect to the creation-
annihilation operators c, d, ct, df, and the expectation value of any operator X is defined
by

(00| S(R, r)XS(r, rol0))

X))y = 43
(Xlo (00| S(R, 0)[0) 43)

with all matrix elements taken in the untwisted sector. In (4.3) a small initial time ry and a
large final time R, are introduced in order to keep intermediate expressions finite. R and ry
eventually should be sent to 0 and oo, respectively. Let us also emphasize the appearance of
an explicit r dependence in (4.3) and, therefore, in (4.2), which reflects the inhomogeneity of
‘time’ in our scheme of quantization.

The standard time-dependent perturbation theory in first order of the coupling constant g
gives

R
G (a,r) = R]i_)moo ( (0ol|S (R, 19) 10}, +/ (0o|S (R, ) Hiy, S (1, 19) |0), i_r) “4.4)

As we have already obtained explicit expressions for time evolution of states from various
sectors of Fock space in section 2, it is not difficult to calculate the matrix element under the
integral in equation (4.4)

G(a,ro) = lim (0o[S(R, 10)|0),

{1+— Z/ rdr(2hi o Ki-alivivaKiva = list—aKi—alisi-aKi-a
K1=0

—Lii14a Kirali14a Kiva — T—a Ki—ali—as1 Ki— a1 — Iiva Kiva l1vas1 Kivan
—DL—aKini—aliv14a Kiv14a — Dva Kivall—a Ki—a + Lyt Kin I —a1 Ky —a1
+h Kl g1 Kj— g1 + K Do K + i Ko K1 + LKl o Ky

1 Kiv1 a1 Kiart + L Kt Lo Ky + Lt Ko Inea K
—Len Kt i Kivy — Lt Kkt LK — e Ky D Ky — IkKkIlKl]} 4.5)

where the prefactor (0o|S(R, r9)|0), is given by equation (3.13) (in (3.13) we have to insert
B = %(1 — g/2m +0(g)) and expand the resulting expression over g up to linear term). The
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calculation of integrals from the quartic products of modified Bessel functions is presented in
the appendix. Using its results we obtain

o2 % (sinh?(at) dr
G (a,ro) = (2ro) ex / Qe —
( 0) (2 0) p[ 0 < Sil’lhzl P
° inh(2at 2
<11+ 2a210gr_0+/ asinh@ar) o 5\ o +0(g?)
27'[ 2 0 t

2 sinh? ¢

2, 2 -
X{1+§|: ) i <SCosh t sinh” ot — 4 sinh 2me—2(k+1+1)z) dtj|
0 =0

T sinh 2¢

+O(g2)}. (4.6)

Now performing a summation over k and / in the third line of equation (4.6) we obtain
an integral which diverges logarithmically at + = 0. In fact, the same problem we
have faced when carrying out calculations at the free-fermion point. Indeed, the product
in (3.9) diverges for large k, [, but we have overcome this difficulty using ¢-function
regularization inside the integral representation of the I'-function (3.12). Here there is no
necessity to carry out a similar regularization. Indeed, noticing that various regularization
schemes could differ from each other at most by a term ~ a2, and that the coefficient of
—a?/2 in the expansion of (e!*?) is just the VEV (¢?), already calculated in [4] using a
standard Feynman diagram technique with the result (below y = 0.577216... is the Euler
constant)

(¢2(0)) = —4(1 +y +log(M/2)) + f(ms) —2)+0(g?) 4.7

we can simply cut the above-mentioned integral over ¢ on the lower bound by a small cut-off
and require that the undefined coefficient of —a?/2 take the value predicted by equation (4.7).
The final result has the form

. o? * (sinh?(at) dr
e O) = (1p1)" ex f kM) —
( > (2 ) P 0 Sinh2 t t

o inh(Qat inh? (cet
x {1+ & / asm,(za)—sm. (3“) dr — 2a2log2 | +0(g?)
T |Jo 2 sinh” ¢ sinh” ¢

(4.8)

which is in complete agreement with the Lukyanov—Zamolodchikov formula (1.8).
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Appendix

It appears that the Hankel transforms are appropriate tools allowing us to perform the integration
over r in (4.5). Roughly speaking, in polar coordinates the Hankel transforms play the same
role as the ordinary Fourier transforms in the Cartesian one.
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Let us briefly recall the main formulae concerning the Hankel transforms (for details see
[13] and references therein). The vth order (v > —1) direct and inverse Hankel transforms of
the function f(x) defined on (0, oo) are given by

Fo) = / 0 Fo(s)s ds A1)
0

Fo(s) = /oo Jo(sx) £ (x)x dx (A.2)
0

where J, is the Bessel function. In complete analogy with the case of the Fourier transform,
it follows from (A.1) and (A.2), that the ‘scalar product’ of any two functions f(x), g(x)
coincides with that of their images (since the functions we are dealing with are regular in the
interval (0, co), the only thing one has to care about is the convergence of integrals at the
extreme points 0 and 00).

/0 fx)gx)x dx:/o ]"Vv(s)g,',(s)sds. (A.3)

To use (A.3) for the calculation of the integral in equation (4.5) we need to know Hankel images
of the functions 7, (x) K, (x) and I, (x) K, (x) which can be easily obtained from the formula
[13]

o0
K_,(x)I,(x) = / J_yip 2x sinhr) e” "0 dr — Re(v +p) < 3 Re(—v+p) > —1
0
(A.4)
namely
LK (x) = f ~ Jo(xs);e*”’“)sds (A.5)
0 sv/s2+4
o0
[ (0K (x) = f Ji(xs) ————e D16 g g5 (A.6)
T R v
where ¢ (s) is defined by
d
2sinht=s  df= —— (A7)
s2+4

Though the direct application of equation (A.3) to each term of (4.5) at first sight seems to be
problematic due to the logarithmic divergence of the integral at large r, it nevertheless leads
to a correct result, because of mutual cancellation of these divergences by various terms.
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